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Example 1. (USA TST 2003/2)Let ABC be a triangle and let P be a point in
its interior. Lines PA, PB, PC intersect sides BC', CA, AB at D, E, F,
respectively. Prove that

(PAF) + [PBD] + [PCE] = ;[ABO]

if and only if P lies on at least one of the medians of triangle ABC'. (Here [XY Z]
denotes the area of triangle XY Z.)

Author: #% 7% & 1



CK 2 ¥ %3 ~ 2 #% Team Work # 2 ¢
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Theorem 1. E 3 425% ur + vy +wz =0 u,v,w L (vry: 2)
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Example 3. = 42 ABC Tt 3 ER L & uwr+ovy+wz=0" 0 A B,C
I Ly wEREEL wivwe

Example 4. 24 F 8 Na, pos [, £ G £ * 210 = GNa
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Example 5. AABC p s > p*2[|l4 W*7 BC,AC,AB * D,E.F> 1D %
EF>T>C¥ Bl Tz #M%2 BI* J B¥CIl it sz ClI*» K»#P
JK#&®FEF Y »® KT:TJ=c:b-

Example 6. AABC p o I p*7[|l4 W*7 BC,AC,AB * D, E.F> 1D %
EF > T>3%m AT T %5 BC -

Example 7. (Kariya) AABC p s [ > p 27 Fl 5o %] 57 BC AC,AB *t D, E,F >
I %Y ¥ DEF %{'ﬁ’?ii XYZ »#M AX,BY,CZ =& -

Example 8. (2016 APMO P3)Let AB and AC' be two distinct rays not lying on
the same line, and let w be a circle with center O that is tangent to ray AC' at E
and ray AB at F. Let R be a point on segment EF. The line through O parallel
to E'F intersects line AB at P. Let N be the intersection of lines PR and AC', and
let M be the intersection of line AB and the line through R parallel to AC. Prove
that line M N is tangent to w.

Example 9. AABC pw [> 3 #fF2 Na> p > [Fl*> BC > D> ID 2 p* [
Sy AS 2 BC* Fs>» &M A Na, F 2:*F AS = Nal' -

%%T;l \EE) 1} = rﬁf l‘j’q_rﬁ]{_‘i ’l:ﬂrr}]}y;]u ’;E.{r_]i
A-r2w A. § — €, 5 ¥ iz Strong BFFT thid gt v

Theorem 2. =& =7 (EFFT) )
MN = (zy:y;: Zl),@ = (1292 22)MN L @ S Ye 2 (Y122 + y221) =0
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A s ¥ 12 %% Strong EFFT
Theorem 3. (Strong EFFT)

MN—xlX—l—ylE—l—zl @—x22+y2§+228’“

(x1+y1+21) (w2 +y2 + 22) =0 B MNJ_P S Yy P (Y122 + y221) =0
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Theorem 4. P(zr:y:z) chE & X §= 2k Q(% (L %)

Example 10. AABC pww [ % O I 7 BC 535l A $t (BAC)
M X A Y, Z 0 #P XYZ £@2 &3 O -

Example 11. AABC } » BC,CA,AB }+ 23-8 D E F # i AD BE,CF
i,'—,i'%\!'—- » FF =2 BC % Py APA v Bk My o i‘ﬁﬁ/ig& MB,MC"

(1) &P My, Mo, Mc £ 8 L

(2) % D.EF 5] [ 80 @0 LA p oo 2o i 4 -

Example 12. AABC #*4 EFlH=z=>®R>a3a8 33 D EF & ABC"%E-

R 4p¥ AD,BE,CF 2% K A% BC % 8 P> BC © 2 M » %@
M,P K % 3 -

Theorem 5. 1765 (x:y:2) B PQ*=—a’yz — b’zz — Pay

Theorem 6. * [l #2 —a’yz — b*xz — ry + (ur + vy +wz)(z+y+2) =0
B¢ owo,w LF Eihlidc e

Corollary 3. & Flehd v &4 —a?yz — b2oz — oy =0 o

Corollary 4. —a’yz — b*zz — Aoy + (ux + vy +w2)(z + y + 2) %I R 1 {8 gk
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Example 13. (2011 ISL G2)Let A;A3A3A, be a non-cyclic quadrilateral. Let Oy
and 7, be the circumcentre and the circumradius of the triangle A, A3A4. Define
O3, 03,04 and ry,r3, 74 in a similar way. Prove that

1 1 1 1
O A —17 " 0,13 03T —13 04— 13

= 0.
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Example 14. AABC £« G AG,BG,CG < *t4&F1* D, E F >
B 4S + 50 4+ S0 =3

Theorem 7. - HE 4 {8e P(xy:yr:21), Qw2 : Yo : 20), R(x3 : y3: 23) » R
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Example 15. = 2w #3)5 A2 5 aM -
Example 16. % >z FA2 3M b g G zhend & £ g B g o

Example 17. AABC p < [> p*F Q & u]*» BC,AC,AB * D,E,F > AD
2 Q3 Vs VDC %8R DF* X > CX 2 AB* Y » %P 3YF=CD -

Example 18. = &3 ABC 4 gFIFl« N *tw O N # ABC eh€&-% = &7
XYZ>#M AYZ, BXZ,CXY g3 ON P 8ho (F UdE s = 475
ABC » B'C' &+ BC + # {8 AB' % AB>» AC' 3% AC > p| A 12 ABC 1 De
Longchamps B ¢ & B'C’ ¢ 8k)

Example 19. (2015 ISL G4)Let ABC' be an acute triangle and let M be the
midpoint of AC. A circle w passing through B and M meets the sides AB and BC
at points P and @ respectively. Let T" be the point such that BPT(Q) is a
parallelogram. Suppose that T lies on the circumcircle of ABC'. Determine all
possible values of %.

Example 20. (2017 IMO P4)Let R and S be different points on a circle €2 such
that RS is not a diameter. Let ¢ be the tangent line to {2 at R. Point T is such
that S is the midpoint of the line segment RT. Point J is chosen on the shorter
arc RS of € so that the circumcircle I' of triangle JST intersects £ at two distinct
points. Let A be the common point of I" and ¢ that is closer to R. Line AJ meets
2 again at K. Prove that the line KT is tangent to I'.

Example 21. 431 = £3; ABC ¢ O pw [ BI,CI % AC, AB *
E,F>% (0)* M,N-PQ #t BC }B¥ PBCQ 57§k » * i% & BP = BA
feCQ=CA> % BPN *hs i K»CQM *tw i Lo %M KL || EF % %
AB=AC & ZA=60 & -

Example 22.

Z &3, ABC *hw O ?br =2 425 XY Z 2 XY Z ¥ g2 & 7
DEF > DEF #* D %

%
$5h% e LS B AS,0X, EF * 8 o
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Example 23. (2017 APMO P2)Let ABC be a triangle with AB < AC. Let D
be the intersection point of the internal bisector of angle BAC' and the
circumcircle of ABC'. Let Z be the intersection point of the perpendicular bisector
of AC' with the external bisector of angle ZBAC'. Prove that the midpoint of the
segment AB lies on the circumcircle of triangle ADZ.

Example 24. ABC > & AB,AC }® P,(Q #{#® BP =CQ -
(ABQ)N (ACP) = X » %@ AX & /BAC & T A % -

Example 25. ABC < O> B,C 32 Y, Z Y, Z % BC #ad® MR
AC,AB * T,S > (ABT)N(ACS) =X » #M AOX £ -

Example 26. (Fontene 1st) = 43 ABC' ¥ - 8 P> P ¥ & £ 58 Q> P
&% = 43, DEF » ABC # 2= é’h’T XYZ YZ 2 EF> U $gnes VW,
#R DU, EV FW % ABQC 5 FI| 8L o ’L”Sﬂ’% P 5 e case o

Example 27. M &= 425 ABC sh4é T o m AD ¢ 8 Rl ky 1 AC 5 275
% BM % B, fl ks " AB % 2532 CM * F. %P B,E,F,C % [.

ek B AEJEY ek A S T RT 0 P Y - N Y & R R
ﬂm:’z‘gm“*’f’ﬂ%\l‘\"ﬁf—'lﬁﬂﬁi\{O’mwﬂ?# £ 45 o F]5 e
Example 28. AABC p & [> & Ho 2w G 3 8 Na-o @ 4
IH 1 ANa &P BC | GI -

Example 29. AABC pw [>d&=w Ho £ G 2 8 FE B Na’ BNa % AC
2 72 CNa 2 AB* Y AH % BC* D+ AD * 8T » = 4 [H | BC %
Y. T, 7 + %@

4 34

Example 30. AABC ¢ - 8. P(ny:ng:ng) Bl P ¥ ABC éhk & 3 = £33
AR
(—z:y:2),(x:—y:2),(r:y:—2)

Example 31. AABC ¥ - 8 P(ny:ng:ng) 7 = RIEIER

NoN3yz + nzni2x + ningxy = 0

Qfﬁ“”

P AR s ¥ 4 4 Special Isocubics in the Triangle Plane £ 1.2.2

24

Example 32. If triangles ABC and A’B’C" are orthologic with centers P, P’
then the barycentric coordinates of P with respect to ABC' are equal to the
barycentric coordinates of P’ with respect to A’B'C".

L2 Py iy 21),Q(xe 1 yo : 20) » ¥ ¥ 0GN (21x9 1 Y1y © 2129) %
wrp
i
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Example 33. Let C be the inconic of AABC with perspector P .
Let @ be the antigonal conjugate of P WRT AABC' .
Prove that the center of C lie on the trilinear polar of ) WRT AABC

Example 34. P/Q %7 P e% L = £3552 Q ek F X = £ 3,5u5 417 w0 f
P/(P/Q)=@Q

Example 35. P &7 anticomplement 7 isotomic conjugate £ cyclocevian
conjugate £ isotomic conjugate 7 complement &_ P £7 isogonal conjugate

Example 36. & < ¥ 3240 5 il -T (7L N E B X e Lt o

Example 37. kiepert f g2 ¢t #£ Fl e B Tarry point ¥ /5 8k 4 ¢ 3 78 iF
1+ (Steiner point) o

5 4&Pp P
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Problem 1. = 43 ABC L% } -8 P> P nE & Z$8. Q) P ek & % =
$2) DEF » &P PQ| BC 2% PBCD %] -

N
T

Problem 2. = &2, ABC A« I[,BC + ¥ 8. M > }*[* BC,AB * D,F
AM ¥ 8 N+ BN % AD % J» & J % (7 BO éhe 826 A a3t O i
B2 X FX 2 BC* P % D % [P %8t 4 B

Problem 3. (2005 ISL G1)Given a triangle ABC satisfying AC' + BC' =3 - AB.
The incircle of triangle ABC has center I and touches the sides BC and C'A at the
points D and E, respectively. Let K and L be the reflections of the points D and
E with respect to I. Prove that the points A, B, K, L lie on one circle.

Problem 4. (2012 USA TST P1)In acute triangle ABC, ZA < ZB and

/A < ZC. Let P be a variable point on side BC. Points D and E lie on sides AB
and AC, respectively, such that BP = PD and CP = PE. Prove that as P moves
along side BC, the circumcircle of triangle ADFE passes through a fixed point
other than A.

Problem 5. (2015 ISL G5)Let ABC be a triangle with CA # CB. Let D, F,
and G be the midpoints of the sides AB, AC, and BC respectively. A circle '
passing through C' and tangent to AB at D meets the segments AF and BG at H
and I, respectively. The points H' and I’ are symmetric to H and I about F' and
G, respectively. The line H'I' meets C'D and FG at Q and M, respectively. The
line CM meets I' again at P. Prove that CQ = QP.

Problem 6. (2017 Taiwan TST Round 2, Quiz 2, Problem 2)Given a AABC
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and three points D, E, F' such that DB = DC, EC = FA, FA=FB,

ABDC = LCFEA = LAFB. Let Qp be the circle with center D passing through
B, C and similarly for Qg, Q. Prove that the radical center of Q2p, Qg, Qp lies on
the Euler line of ADEF.

Problem 7. (2016 ISL G2)Let ABC be a triangle with circumcircle I" and
incenter I and let M be the midpoint of BC. The points D, E, F are selected on
sides BC, CA, AB such that ID | BC, IE 1 AI, and IF 1 AI. Suppose that
the circumcircle of AAEF intersects I' at a point X other than A. Prove that
lines XD and AM meet on I

Problem 8. (2016 ISL G4)Let ABC be a triangle with AB = AC # BC and let
I be its incentre. The line BI meets AC' at D, and the line through D
perpendicular to AC meets Al at E. Prove that the reflection of I in AC' lies on
the circumcircle of triangle BDE.

Problem 9. (2016 ISL G7)Let I be the incentre of a non-equilateral triangle
ABC, 14 be the A-excentre, I’y be the reflection of 14 in BC, and [4 be the
reflection of line AI'y in AI. Define points I, I and line {5 analogously. Let P be
the intersection point of [, and Ig.

a. Prove that P lies on line OI where O is the circumcentre of triangle ABC.

b. Let one of the tangents from P to the incircle of triangle ABC meet the
circumcircle at points X and Y. Show that ZXTY = 120°.

Problem 10. (2016 ISL G7)Let I be the incentre of a non-equilateral triangle
ABC, I, be the A-excentre, I’y be the reflection of 14 in BC, and [4 be the
reflection of line AI'y in AI. Define points Iz, Iz and line [p analogously. Let P be
the intersection point of [4 and Ig.

a. Prove that P lies on line O where O is the circumcentre of triangle ABC'.

b. Let one of the tangents from P to the incircle of triangle ABC meet the
circumcircle at points X and Y. Show that ZXTY = 120°.

Problem 11. Let ABC be a triangle and DEF' be its orthic triangle with D on
BC and so on. Let H be the orthocenter of ABC. M is the midpoint of BC'. The
tangents to the circumcircle of ABC' at B, C along with E'F' determine a triangle
XY Z with X opposite to A. Prove that ray HM bisects the arc Y XZ of the
circumcircle of XY Z.

Problem 12. given a triangle ABC', 3 altitude AAq, BBy, CCy, orthocenter H
an a point P in the triangle.

Ay is the symmetry of P through BC

By is the symmetry of P through AC

(' is the symmetry of P through AB

Prove that AgA;, BoB1, CyC are concurrent.

Problem 13. P is a point in the plane of AABC. /¢, is the radical axis of
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®(PBC) and the A-excircle of AABC. {y, (. are defined similarly. Then ¢,, ¢y, (.
bound a triangle perspective with AABC. If P lies on the circumcircle of AABC,
the perspector is the Clawson point of AABC, i.e. homothetic center of the orthic
triangle and extangents triangle.

Problem 14. Let ABC be a triangle inscribed in circle (O) and incenter I.
Circle (w,) touches (O) at A and touches BC at D. Similarly, we have circles
(wp), (we) and E, F. Let K be radical center of (w,), (wp), (w.). Prove that line I K
passes through centroid of triangle DEF.(iz if % %31 i Schiffler point)

Problem 15. Let ABC be a triangle inscribed in the circle 2. Let (A) be the
circle centered A and touches the line BC, and let w, be the circle reflection of (A)
in the line BC. The circles wy, w. are determined similarly to the way we construct
the circle w,. Let A,, B, and C, respectively be the radical centers of {2, wy, w.},
{Q, we,ws } and {Q, w,, wp} . Prove that the lines AA,, BB, and CC, are
concurrent.(i& B 223 B £ 8L & BEff vh)

Problem 16. P is an arbitrary point on the plane of AABC and let AA’B'C’
be the cevian triangle of P WRT AABC. The circles ©(ABB’) and ®(ACC")
meet at A, X. Similarly, define the points Y and Z WRT B and C. Prove that the

lines AX, BY,C'Z concur at the isogonal conjugate of the complement of P WRT
ANABC.

Problem 17. let ABC be a triangle, I the incenter, D, E, F' the feet of the
A, B, C-bisectors, M, the perpendicular bisector of AD, (), R the points of
intersection of BI,CI with M,,and A* the point of intersection of EF and QR.
Cyclically, B*, C*.

Prove : ABC and A % B x C'x are perspective

Problem 18. = &35 ABC ¢ w O &8 = &35 DEF > B,C B> (O) é*» &
23 T O M* AC,AB #%tfi-8. P,Q » %M (DEP),(DFQ) {3k T

Problem 19. = &7} ABC 4 B:FIFl.« N B N §2 N % & £ 5523 506 £
ERERD 2 A BREDE X AL
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